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Abstract. We present various characterizations of n-circled domains of holomor- 
phy G C C" with respect to some subspaces of H°°(G). 



Introduction 

We say that a domain G C C" is n-circled if {e l6l zx, . . . , e l9n z n ) £ G for arbi- 
trary (zi, . . . , z n ) e G and {Ox, ■ ■ ■ , n ) 6 R". 

Put IogG:={(a?i,...,ar„) 6f": [e Xl , . . . , e x ") £ G}. 

If X C K" is a convex domain, then £ {X) denotes the largest vector subspace 
F C R" such that X + F = X . 

A vector subspace F C R" is said to be of rational type if F spanned by FflZ". 
Let L 2 h (G) := 0{G) ni 2 (G). 

The following results are known (cf. [Jar-Pfi 1]). 

Proposition 1. Let G C C" &e an n-circled domain of holomorphy. Then the 
following conditions are equivalent: 

(i) G is fat (i.e. G — intG) and the space £(\ogG) is of rational type; 

(ii) there exist A C 1 n and {c a ) a£ A C (0, +oo) such that 

G = int f]{\z a \ <c Q }; 

aeA 

(iii) G is an H.°° (G)- domain of holomorphy. 

Proposition 2. Lei G £ C™ &e a fat n-circled domain of holomorphy. Then the 
following conditions are equivalent: 

(i) £(logG) = {0}; 

(ii) L\{G) {0}; 
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(iii) G is an L\(G)- domain of holomorphy. 
Define 

L p h k (G) := {/ G O(G): V M < fc : V f G L P (G)}, p G [l,+oo], k £ Z +) 

where 9" := dz ^ dz ^ , v = {v u ...,v n ) G (Z + ) n . Note that the space L p ^ k {G) 
endowed with the norm ||/ H^p.*^) := 5Z|t/|<fc ll^/IU^G) is a Banach space. Put 

L p h (G) := 1%°(G) = 0(G) n L P (G), W°°' fe (G) := L™' k (G). 
Note that Lff(G) = H°°' a (G) = H°°{G). Let 

L£ fc (G):= H ^(G)' 
pe[i,+oo] 

-4 fc (G) := {/ G 0(G) : V M < fc 3 /j/€C(5) : /„ = ST f in G}, fc G Z+, 
■4°°(G) := f| ^ fe (G). 

Remark, (a) If the volume of G is finite, then H°°< k {G) G L% k (G). 
(b) If G is bounded, then A k (G) G H°°' fc (G). 

The aim of this paper is to generalize Propositions 1,2. The starting point of 
these investigations was our trial to understand the general situation behind the 
last example in § 1.5 in [Sib]. We will prove the following results. 

Proposition 3. Let G G C n be an n-circled domain of holomorphy. Then the 
following conditions are equivalent: 

(i) G is fat and £(logG) = {0}; 

(ii) G is fat and there exists p G [1, +oo) such that L p h {G) ^ {0}; 

(iii) G^C" and for each k G Z + the domain G is an L^ k (G) fl A k (G)-domain of 
holomorphy. 

Observe that for each k G Z + the space F k {G) := L <> h k (G)f)A k (G) endowed 
with the norms || || £ p,*( G ), P G [1, +oo], is a Frechet space. Consequently, condition 

(iii) is equivalent to the following one. 

(iii') For each k G Z + there exists a function f G L^ k (G) n A k {G) such that G is 
the domain of existence of f. 
Note that Tk{G) is an algebra. 

Corollary 4. Let G C C n be a bounded fat n-circled domain of holomorphy. Then 
G is an A k (G)-domain of holomorphy (for any k G Z+ ). 

In the case where G = {\z\\ < \z 2 \ < 1} is the Hartogs triangle the above result 
has been proved in [Sib] . 
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For £=(£!,..., e n ) e {0,1}™ put 

V s := {(zu . . . , z n ) 6 C™ : 1° : z 3 ■ = for all j such that Sj = 1, 

2° : 2j ^ for all j such that £j = 0}, 

G £ := {(A^i,...,A^ n ): Ai,...,A„ e£, , . . . , z„) e G}, 
where E denotes the unit disc. 

Proposition 5. Let G C C" be an n- circled H°°(G)- domain of holomorphy . Then 
the following conditions are equivalent: 

(i) for any e e {0, 1}" if V e n dG ^ 0, then G £ C G; 

(ii) G is a S(G)-domain of holomorphy, where 

S(G):={f eO(G): sup \d" f\ < +oo 

KnG 

for any compact K C G and for any v e (Z + )™}; 

(iii) G is an A°° (G)-domain of holomorphy; 

(iv) G is an H°°(G) fl (D(G)-domain of holomorphy. 

Corollary 6. Let G C C™ be a bounded fat n-circled domain of holomorphy. Then 
G is an A x (G)-domain of holomorphy iff G satisfies condition (i) of Proposition 
5. 

In the case where G is the Hartogs triangle the above result has been proved 
(by different methods) in [Sib]. 

Proposition 7. Let G C C™ be an n-circled domain of holomorphy. Then the 
following conditions are equivalent: 

(i) G = D x C"~ m , where D is a fat m-circled domain of holomorphy with 
£(log£>) = {0} and < m < n; 

(ii) G is an Ti 00,1 ^)- domain of holomorphy; 

(iii) for any k E Z + the domain G is an Ti°°' k {G)C\A k {G)- domain of holomorphy . 

Proof of Proposition 3 
(iii) =^> (ii) follows from Proposition 1. 

(ii) => (i). Let / = £„ e2 , a y z- € V h (G), f # 0. Then 



IOI=rj 
j=l,...,n 



r pi/+1 dA„(r) 



<(2^)"( 1 -f)/ (/ (/(re^ldA^^VdAJr) 

J|G| W[0,27r]" / 

< f f \f{re ie )\vdk n {8)r*dk n {r) 

J\G\ J[0,2it]™ 

= [ \f\ p dA 2n , 

JG 
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where G| := {(|zi|, • • • , \z n \) '■ {zi, ■ ■ ■ , z n ) G G} and A„ denotes Lebesgue measure 
in M™, 1 := (1, . . . , 1). Consequently, there exists v Q G Z™ such that z u ° G L p h (G). 

Suppose that F := EQogG) ^ {0}. Let k := dimF and let Y C F 1 - be a convex 
domain such that logG = Y + F. We have: 

/ \z»°\ p dA 2n (z) = (2n) n [ e< x ^° +2 >dA„(z) 

= J e^'' pvo+ ^dA n - k {x') J e^"' pvo+2 >dA k (x") 
= +oo, 

where ( , ) is the Euclidean scalar product in R", 2 := 2 1. We have got a 
contradiction. 

(i) =► (hi). Fix fc G Z+ and put T k {G) ^ L^ k (G) n .4 fe (G). 

Suppose that there exist domains Go, G C C" such that / Go C C fl G, 

G £ G, and for each / G ^fe(G) there exists / G 0(G) with / = / on Go- 
Since G is fat, we may assume that G <£. G and that G (~l Wo = 0, where 

Wo := {( z i, • • • , Zn) G C" : zi • . . . • z n — 0}. We may also assume that 1 G G \ G. 

For, if (oi, . . . , a n ) G G \ G, then we replace G by F(G), where F(zi, . . . , z n ) := 

(zi/ai, . . . , z„/a n ). 

Since £(logG) = {0} and G is fat, there exist R-linearly independent vectors 
aj = (ay,i, . . . , oij.n) G Z™, j = 1, . . . , n, such that 

GcD:={z£[f: |z°*| < 1: j = l,...,n}, 

where 

{/ := {(zi, . . . , z n ) G C n : if for some j, £ we have ajj < 0, then ^ 0} 

(cf. [Jar-Pfl 1]). Define <P: U — ► C™, $(z) := (z ai , . . . , z a "). Note that $ is 
holomorphic, I? = ^ 1 (E n ) 1 and that $ is biholomorphic in a neighbourhood 
of 1. In particular, there exists a point b G G \ G such that rj := \b aj \ > 1, 
j = l,...,n. 

Let 7: [0, 1] — >G be an arc with 7(0) G G , 7(1) = b. Put 

D := {z G U: \z a > \ < r jt j = l,...,n} 

and let to := sup{t > 0: j([0,t)) G -Do}- Put c := 7(^0)- Then there exists 
jo G {1, . . . , n} such that \c aj o \ = r J0 . We may assume that jo = n. 
Put a := ax H h a„. For TV G N define 

z Na 

/jv(z) := , z G D . 
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Obviously f N £ O(D ). Note that 7QO, t Q )) C GnD and lim 4 ^ to _ f N (l(t)) = 00. 
In particular, /jv cannot be holomorphically continued to G. 

Consequently, to get a contradiction it suffices to show that /at E Tu{D) pro- 
vided N > 1. 

For any er e (Z+) n with |<r| < k we get 



H=0 



where d := c Q ™ (recall that \d\ = r n > 1). One can easily show that 



Not + [ia n 



a 



where P, Q, R G N depend only on k, a\, . . . , a n , and N. Since the series 

(P + Qn) R 



E 



M=0 r ™ 

is convergent, we only need to find N e N such that for arbitrary \a\ < k and 
p6 [1, +00] we get 

zNa +„ an -a e L P h ( D ) nC (D), \\z Na+ ^- a \\ LP{D) < 1. 

Observe that |z^«+/«*»-<r| < ^JVa-o-j on ^ H cncc, it is enough to prove that 
there exists N € N such that for arbitrary |<r| < fc and p G [1, +00] we have 

\\z Na ' a \\ L p(D) < 1, lim z Wq - ct = 0, z EW ndD. 



Let A := [aj,<?]j,£=i „, 5 := A \ := {xB)j = Ya=\ B e,jXt, j = 1, . . . ,n, 

x = ( Xl ,...,x n ) el" 

For pg [1, +00) and v e Z" we have 

/ |zTdA 2 „(z) - (2tt)" f e^+VdA n (x) 

JD J\ogD 

= (2tt)"/ e< B «< pi/+2 >|det5|dA„(£) 

(27T)" 



|deti4|Ti(pi/ + 2)-...-T„(pi/ + 2) 
provided that Tj(pv + 2) > 0, j = 1 . . . , n. In particular, if 

r ^^Kid^F- rj(2) )' i = 1 '-' n ' 
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then ||z"||lp(z>) < 1. Hence, if v = Na — a and if 

N >iV := m ax { T,( CT ) + - r i( 2)) : 

j = 1, . . . ,n, ct G (Z+) n , H < fc + 1, p G [1, +oo)}, 

then ||z ArQ_cr ||Lp(D) < 1 for arbitrary p G [l,+oo) and \a\ < k. 

Moreover, N > Tj(a), j = 1, . . . ,n, and therefore Na — a G R + ai + - • -+M. + a n , 
which shows that \\z Na ~ a \\ n ^( D - ) < 1 for arbitrary \a\ < k. 

Finally, let z = (z ,i, ■ ■ ■ , z o,n) G Wo C\ dD. Assume that z .i = 0. Let 
(ei, . . . , e n ) denotes the canonical basis of W 1 . Let \a\ < k. Since No > Tj(a + ee a ), 
j = 1, ... ,n, we get Na — a — e£ G R + ai + • • • + R+a„. This shows that 
\z Na ~ a \ < \z io \ in D and therefore lim D3z ^ Zo z Na -° = 0. □ 

Proof of Proposition 5 
The implications (iv) => (iii) ==>• (ii) arc trivial. 

(ii) =>■ (i). Suppose that ^ n dG ± for an e G {0, 1}", e ± (0, ... ,0). We 
may assume that ei = . . . e s — 1, e s+ i = ••• = £„ = for some 1 < s < n. We 
will show that each function 

/= ]T a v {f)z v &S{G) 

extends holomorphically to G e . Consequently, since G is an <S(G)-domain of holo- 
morphy, we will get G £ C G. 

Fix an / G S(G). It suffices to show that a t _ l (f ) = for all fi = . . . , /z„) G Z™ 
such that fij < for some j G {1, . . . , s}. We may assume that /xi > 0, . . . \i t > 0, 
Ht+i < 0,...,fj, a < 0, where < t < s — 1. Define <r := (/zi, . . . , /i t , 0, . . . , 0) G 
(Z+) n . Let r = (r ,i, . . . , r ,„) G V £ H dG n (R+) n and let 

[/ := {(n,...,r n ) G G: \r 3 ; - r j\ < 1, rj > 0, j = l,...,n}, 
A':={(e i0l n ) ...,e w »r n ): (n, . . . , r„) G U, (6 U . . . , 6 n ) G W 1 }, 

M := sup |<9<7|. 

ifnG 

Since 

d°f(z) = J2 cr\( U )a4f)z v -^, 
the Cauchy inequalities give: 



Now, letting U 3 r — ► r , wc conclude that a M (/) = 0. 
(i) (iii). We know that G is of the form 

G = int f]{\z a \ <c a } (1) 

aeA 

with A C Z™ and z a G H°°(G), aeA (cf. Proposition 1). Wc will prove that 
z a G 0(G) for arbitrary aeA. 

Fix ajia = (ai, . . . , a n ) G A. We may assume that a\ < 0, . . . , a s < 0, a s+ i > 
0, . . . a„ > for some 1 < s < n. We have to prove that dGC\ {z\ ■ . . . ■ z s = 0} = 0. 
Suppose that dG fl {z\ ■ . . . ■ z s = 0} ^ 0. Then we may assume that dG CiV E ^ 
for some e £ {0, 1}" with Ei = 1. By (iii) G £ C G. In particular, 

|A ai ||z a | < c a , XeE, zeG; 

contradiction. 

Now, suppose that there exist domains Go, G C C such that / Go C GflG, 
G£ G, and for each / 6 H°°(G) n C£G) there exists / e 0(G) with / = / on Go- 
Since G is fat, we may assume that G n {z\ ■ . . . ■ z n = 0} = 0. 

First observe that ||/||g < ||/||g- F° r ; suppose that |/(a)| > ||/||g f° r some 
/ e n°°(G) n O(G) and a E G. Then the function ,g := l/(/ - /(o)) belongs to 
TL°°{G) fl O(G) and cannot be holomorphically continued to G; contradiction. 

Consequently, |z Q | < c„ on G for any aeA. Hence, by (1), G C G; contradic- 
tion. □ 

Proof of Proposition 7 

(i) (iii) follows from Proposition 3. (iii) ==> (ii) is trivial. 

(ii) ==> (i). Let F := £(logG), m := dimF. The cases m = and m = n are 
trivial. Assume 1 < m < n — 1. One can easily prove (cf. [Jar-Pfl 1]) that for any 
/ G H°° (G) the Laurent series of / has the form 

£ a,(/)^, zeG. (2) 
i/ef 1 nZ" 

Now, suppose that / € 7i 0O,1 (G). By the above remark (applied to / and df /dzj 
simultaneously) we see that if v = (vi , . . . , v n ) e Z" is such that ia,- 7^ and 
a u{f) i= 0, then u,v — ej G f- 1 , and, consequently, ej G i* 1 - 1 ((ei,...,e n ) de- 
notes the canonical basis in R"). Since dimi* 1 - 1 = n — m, we may assume that 
e s+ i, . . . , e n £ F 1 - for some < s < n — m. Thus, the series (2) is independent of 
the variables z s+ \, ...,z n and, therefore, it is convergent in the domain D x C"~ s , 
where D denotes the projection of GonC s . Since G is an H°° :1 (G)-domain of holo- 
morphy, G = D x C n ~ s and D is an H 00 ' 1 (I?)-domain of holomorphy. Moreover, 
SQogG) = £(logD) x R n - S . Hence n - s = m and £(logD) = {0}. □ 
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In [Sic 1,2] J. Siciak characterized those balanced domains of holomorphy G C 
C", which are H°°{G)- (rcsp. H°°(G) n A°°(G)-) domains of holomorphy. More- 
over, it is known that any bounded balanced domain of holomorphy G C C™ is an 
L^(G)-domain of holomorphy (cf. [Jar-Pfl 2]). A general discussion for balanced 
domains of holomorphy (like the one for n-circled domains) is still unknown. 

References 

[Jar-Pfl 1] M. Jarnicki & P. Pflug, Existence domains of holomorphic functions of restricted 

growth, Trans. Amer. Math. Soc. 304 (1987), 385-404. 
[Jar-Pfl 2] M. Jarnicki & P. Pflug, On balanced L 2 -domains of holomorphy, Ann. Pol. Math. 

(1995) (to appear). 

[Sib] N. Sibony, Prolongement de fonctions holomorphes bornees et metrique de Caratheo- 

dory, Invent. Math. 29 (1975), 205-230. 
[Sic 1] J. Siciak, Circled domains of holomorphy of type Bull. Soc. Sci. et de Lettres de 

Lodz 34 (1984), 1-20. 

[Sic 2] J. Siciak, Balanced domains of holomorphy of type H°° , Mat. Vcsnik 37 (1985), 134- 
144. 

Uniwersytet Jagiellonski 
Instytut Matematyki 
30-059 Krakow. Reymonta 4, Poland 
E-mail: jarnicki@im.uj.cdu.pl 

Carl von Ossietzky Universitat Oldenburg 
Fachbereich Mathematik 
Postfach 2503 

D-26111 Oldenburg, Germany 

E-mail: pflugvcc@dosunil.rz.uni-osnabrucck.de 

E-mail: pflug@hrz2.pcnet.uni-oldcnburg.de 



8 



